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1 Introduction 

The oceanographic community acknowledges the need to better quantify the uncertainty of their 

measurements1, but such quantifications are daunting. Requests for examples are often heard (Simpson, 2021). 

This example is extracted from the supplemental material of Bushnell et al., 2019. It is presented here as an 

exemplar for communities striving to create better expressions of uncertainty quantification. It has been edited 

slightly in order to improve presentation as a stand-alone use case. 

In such endeavors clarity is critical, so the example begins with well-defined terminology (Bell, 1999; 

EUROLAB, 2006; BIPM, 2008). The discussion of two approaches to estimation of uncertainty follows, 

which then leads to the very specific details provided by this example. Propagation of uncertainty into derived 

values, standard uncertainties of common probability distributions, and the impacts of correlations are also 

addressed. 

1.1 Definitions 

Coefficient of variation (CV) 

Also termed relative standard measurement uncertainty-Standard measurement uncertainty (u(x)) divided by 

the absolute value x of the measured quantity. CV = u(x)/x. 

Combined standard measurement uncertainty (uc) 

Standard measurement uncertainty that is obtained using the individual standard measurement uncertainties 

associated with the input quantities in a measurement model (BIPM, 2012). 

Coverage factor (k) 

Number larger than one by which a combined standard measurement uncertainty is multiplied to obtain an 

expanded measurement uncertainty (BIPM, 2012). 

Coverage interval 

Interval containing the set of true values of a measurand with a stated probability, based on the information 

available. 

(https://www.iso.org/obp/ui/#iso:std:iso-iec:guide:98:-4:ed-1:v1:en, section 3.2.7) 

 

1 U.S. CLIVAR Uncertainty Quantification (https://usclivar.org/working-groups/ocean-uncertainty-quantification-working-group) 
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Expanded measurement uncertainty (U) 

Product of a combined standard measurement uncertainty and a coverage factor larger than the number one 

(BIPM, 2012). 

Measurand 

Quantity intended to be measured (BIPM, 2012). 

Measurement uncertainty 

Non-negative parameter characterizing the dispersion of the quantity values being attributed to a measurand, 

based on the information used (BIPM, 2012). 

Quality 

The totality of features and characteristics of a product or service that bear on its ability to satisfy stated or 

implied needs.  

Standard measurement uncertainty (u) 

Measurement uncertainty expressed as a standard deviation (BIPM, 2012). 

Trueness 

Closeness of agreement between the average of an infinite number of replicate measured quantity values and a 

reference quantity value. 

(https://metrology.wordpress.com/measurement-process-index/3-specification-of-demands-on-a-measurement-

method/accuracy/) 

True value 

Quantity value consistent with the definition of a quantity. 

(https://www.roma1.infn.it/~dagos/cern/node7.html) 

1.1 Estimation of Measurement Uncertainty 

Even though the Guide to the Expression of Uncertainty in Measurement (GUM) (BIPM, 2008) intends to 

provide practical guidance for daily use, the calculation of a comprehensive and consistent uncertainty budget 

can still be a very time-consuming task. Moreover, it often requires information and technical expertise that 

are not readily available. As a consequence, estimation of uncertainties is either often reduced to the 

calculation of standard deviations of several measurements or to the statement of device specifications. 

Unfortunately, this simple approach is inadequate to quantify the reliability of a measured quantity value and 

may lead to erroneous assessment of measurement data. At least some fundamental principles must be applied 

to estimate useful uncertainty values, despite the additional effort it may take. 

GUM discusses the evaluation of uncertainty according to a “Type A” or “Type B” method of evaluation. The 

Type A method evaluates standard uncertainty by the statistical analysis of a series of repeated observations. 

The Type B method evaluates uncertainty based on scientific judgment using all of the relevant information 

available, which may include: 

• Previous measurement data  

• Experience with or general knowledge of the behavior and properties of relevant materials and 

instruments  

• Manufacturer’s specifications  

• Data provided in calibration and other certificates  
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• Uncertainties assigned to reference data taken from handbooks  

Both types of evaluation are based on probability distributions, and the uncertainty components resulting from 

either type are quantified in terms of a “standard uncertainty.” That is a known or reasonably assumed 

probability distribution assigned to an estimated uncertainty range of each component. The uncertainty range 

is multiplied with a defined factor so that the resulting uncertainty value corresponds approximately to the 

standard deviation of a normal distribution, yielding the standard uncertainty. In this way the standard 

uncertainty expresses a range in which the true value can be found with a 68 percent level of confidence. All 

identified standard uncertainty components, whether evaluated by Type A and Type B methods, are combined 

to produce an overall value of uncertainty to be associated with the result of the measurement, known as the 

combined standard uncertainty. Uncertainty contributions must be expressed in similar terms before they are 

combined, i.e., all the uncertainties must be given in the same units and at the same level of confidence. 

A generally applicable succession of steps is provided to estimating the overall standard uncertainty u(x) of a 

measured quantity value x: 

1) Specify the quantity to be measured and the measurement procedure for the determination of its 

value x. In addition to the actual measurement, the procedure comprises all preparative steps, e.g., 

sampling and sample preparation, calibration, potential adjustment or compensation for measurement 

error, the conditions that have to be maintained during preparation and measurement, as well as data 

processing. Identify the uncertainty sources. 

2) List possible sources of uncertainty for each process or each element of the method and assess whether 

their contribution to the uncertainty of the result is significant. Do not double count uncertainty 

components, e.g., repeatability specification of a manufacturer and environmental fluctuations during 

the measurement. 

3) Assign to each source of uncertainty an uncertainty range and the corresponding probability 

distribution. See section 3.1for examples of common probability distributions. 

4) Correct the quantity value for systematic errors if they can be quantified. Most often this is only the 

measurement error measured in a calibration. 

5) Assign standard uncertainties to each identified component by multiplying the uncertainty range with 

the factor corresponding to the identified probability distribution. For details refer to section 4 of the 

GUM. However, factors of the most common distributions are summarized in section 3.1 

6) Calculate the combined standard uncertainty uc(x) of x by building the square root sum of all standard 

uncertainties. 

7) Consider that a quantity value y may be calculated from different measured quantities xj: 

y = f (x1, x2, …xN), with f being the function used to calculate y from the input quantities xj. Then, each 

of the input quantities xj should be treated according to steps 1 to 6 and the combined standard 

uncertainty uc(y) of y is calculated from the individual uncertainties u(xj) according to 

𝑢𝑐
2(𝑦) = ∑ (

𝜕𝑓

𝜕𝑥𝑗
𝑢(𝑥𝑗))

2
𝑁
𝑗=1   (1) 

8) Note that f could imply constants or coefficients that might be the result of measurements, even if they 

had been measured before by someone else. Nevertheless, uncertainties have to be assigned to those 

values as well, and they have to be considered as input variables. The derivative f/xj is called the 

sensitivity coefficient of xj. 
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9) Express the combined uncertainty of the quantity value y (or x, respectively) in terms of a coverage 

factor k: Uc (y) = k uc(y). A coverage factor of k=2 is the usual default value, which corresponds to a 

95 % confidence interval2. The measurement result is given by 

y ± Uc(y), 

10) whereas Uc(y) should be noted with only two relevant digits at maximum and y should be rounded to 

the same number of digits. 

Correlations between input quantities xj may increase or decrease measurement uncertainty significantly, and 

therefore they must be considered. A general step-by-step procedure about how to include correlations in 

uncertainty calculation is given in section 3.3. 

It must be emphasized that the uncertainty calculations presented here are the essence of the GUM. Adequate 

uncertainty calculation should be based on the comprehensive guidance given there. However, the 

recommendations given here can be considered as the most essential requirements to provide a minimum of 

appropriate measurement uncertainties. To exert less effort is contrary to any good measurement practice. 

Measurement results without rigorous measurement uncertainties might be acceptable to some extent; 

however, measurement results with no uncertainties are meaningless. 

1.2 How to Reduce Uncertainty in Measurement 

There are some good practices that generally can help to reduce uncertainties in making measurements. 

• Calibrate measuring instruments (or have them calibrated for you) and use the calibration to 

compensate for measurement error. 

• Apply corrections, which are given on calibration the certificate. 

• Make corrections to compensate for any (other) errors you know about. 

• Make your measurements by using calibrations that can be traced to national standards via an 

unbroken chain of measurements.  

• Choose the best measuring instruments and use calibration facilities with the smallest 

uncertainties. 

• Check measurements by repeating them, or by getting someone else to repeat them 

periodically. 

• Use an uncertainty budget to identify the worst uncertainties and address these. 

• Be aware that in a successive chain of calibrations, the uncertainty increases at every step of 

the chain, since each calibration must include the uncertainty of the preceding calibration. 

The most effective way to explain how measurement uncertainty can be calculated is with the following 

example for a temperature measurement. 

2 Example of Uncertainty Calculation: Temperature Measurement 

An SBE 39 temperature recorder (Table 1, page 8) on a mooring is presented as a simple example to 

demonstrate the most common aspects of uncertainty calculation. Pressure dependence greatly complicates the 

calculation and is not considered (the SBE 39 themister is pressure-protected), yet such observations are 

 

2 Strictly speaking, k=2 corresponds to 95.45 % confidence level; however, it is common to round to zero digits. 
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commonly conducted. The best estimate is calculated from the mean of ten subsequent temperature 

measurements. More details on how to quantify uncertainty contributions are given in section 3. Here, we 

exemplarily summarize uncertainty contributions, assign uncertainty ranges, and assume probability 

contributions and resulting standard uncertainties. Furthermore, we demonstrate the calculation of a combined 

uncertainty based on the given numbers and give a simple example for uncertainty propagation. 

The following represent uncertainty contributions for this example:  

Indicated value 

Sensor specification states 0.0001 °C resolution 

Uncertainty range: 0.0001 °C 

Assigned probability distributions: rectangular, corresponding factor 
1

2√3
 

Standard uncertainty: 
0.0001 

2√3
K = 0.029 mK  

Note that this contribution is not considered in the combined uncertainty, since the contribution due to 

unstable indications is significantly larger (see ‘stability of the measurement’ below)  

Measurement error estimated by calibration 

Calibration certificate states a measurement error of tme=+5.4 mK (difference between indicated value and a 

measurement standard). The expanded (k=2) uncertainty is stated as 6.3 mK 

Assumed probability distribution: normal. 

Standard uncertainty: 
6.3 mK

2
= 3.15 mK 

For simplicity it is assumed that tme applies to the complete temperature range of interest. 

Stability of the measurement 

Standard deviation of 10 measurements: 0.3 mK 

Assumed probability distribution: normal, corresponding factor (is 
1.06

√10
) 

Standard uncertainty: 0.1 mK  

Long-term sensor stability 

Sensor specification states 0.2 mK/month (with unknown sign). 

Uncertainty range: 0.4 mK (corresponding to ±0.2 mK).  

Assumed probability distribution: triangular, corresponding factor 
1

2√6
 

Standard uncertainty 
0.4 mK 

2√6
𝑚 = 0.49 mK after six months 

m: the number of months elapsed since calibration. 

Self-heating 

Sensor specification: 0.2 mK,  

Uncertainty range: 0 to 0.2 mK, (asymmetric, t only increases) 

Probability distribution: rectangular, corresponding factor 
1

2√3
 

Standard uncertainty: 
0.0002 

2√3
K = 0.058 mK  

Sensor installation 

Estimated uncertainty: +/-1 mK, corresponding to an uncertainty range of 2 mK. 

Assumed probability distribution: triangular, corresponding factor 
1

2√6
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Standard uncertainty: 
2∙mK 

2√6
= 0.41 mK 

Repeatability 

Repeatability 0.11 mK (measured with an independent experiment) 

Assumed probability distribution: normal, corresponding factor: 1 

Standard uncertainty: 0.11 mK 

Since this value is similar to the stability contribution, it is assumed that repeatability is mostly determined by 

stability. Therefore, only the stability contribution is considered in the combined uncertainty. 

Reproducibility 

Not considered, since it is assumed to be covered by the combined uncertainty of all other contributions. 

Combined Uncertainty 

Assuming the temperature is measured six months after calibration of the SB39 and that the measured mean 

value is 15.1427 °C, the temperature value t corrected for measurement error is 

 

𝑡 = 15.1427 °C − 0.0054 °C = 15.1373 °C 

having a combined standard uncertainty of 

𝑢𝑐(𝑡) =  √0 + 3.152 + 0.12 + 0.492+0.0582 + 0.412 + 0 mK = 3.22 mK. 

 

Hence, the measurement result is (15.1373 ± 0.0064) °C. 

Here, the expanded uncertainty is noted with a coverage factor of 2, indicating the true value is in the stated 

uncertainty interval with 95% probability. 

Uncertainty Propagation 

Very often several measurement results xi are used to calculate a quantity y. Therefore, uncertainty 

propagations of all input quantities xi have to be considered to calculate the uncertainty of the output quantity 

y. To demonstrate uncertainty propagation speed of sound vSoS is calculated from a temperature (t) 

measurement (13.601 ± 0.0064) °C, from a corresponding salinity (S) measurement (38.7 ± 0.002) psu and a 

depth (Z) measurement (500 ± 2) m. To this end a simplified equation of state is assumed (Leroy et al., 2008) 

that implies the latitude  of the measurement location. 

𝑣𝑆𝑜𝑆(𝑡, 𝑆, 𝑍, Φ) = 1402.5 + 5𝑡 − 5.44 ∙ 10−2𝑡2 + 2.1 ∙ 10−4𝑡3 + 1.33𝑆 − 1.23 ∙ 10−2𝑆𝑡 + 8.7 ∙ 10−5𝑆𝑡2

+ 1.56 ∙ 10−2𝑍 + 2.55 ∙ 10−7𝑍2 − 7.3 ∙ 10−12𝑍3 + 1.2 ∙ 10−6𝑍(𝜙 − 45) − 9.5 ∙ 10−13𝑡𝑍3

+ 3 ∙ 10−7𝑡2𝑍 + 1.43 ∙ 10−5𝑆𝑍 

The corresponding uncertainty contributions to the uncertainty of vSoS at t = 13.601°C, S = 38.7 psu, Z = 500m 

and  = 35°) are  

𝑢𝑡 = 𝑐𝑡 ∙ 𝑢𝑐(𝑡) =
𝜕𝑣𝑆𝑜𝑆

𝜕𝑡
|

(13.601°C,38.7,500m,35°)
∙ 𝑢𝑐(𝑡)

= [5 − 0.0123𝑆 − 0.1088𝑡 + 0.000174𝑆𝑡 + 0.00063𝑡2 + 6 ∙ 107𝑡𝑍

− 9.5 × 10−13𝑍3](13.6,38.7,500,35) ∙ 0.0064°C = 3.2564
m s−1

°C
∙ 0.0064°C 
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𝑢𝑆 = 𝑐𝑆 ∙ 𝑢𝑐(𝑆) =
𝜕𝑣𝑆𝑜𝑆

𝜕𝑆
|

(13.601°C,38.7,500m,35°)
∙ 𝑢𝑐(𝑆)

= [1.33  − 0.0123𝑡 + 0.000087𝑡2 + 0.0000143𝑍](13.6,38.7,500,35) ∙  0.002

= 1.186 ms−1 ∙  0.002 

 

𝑢𝑍 = 𝑐𝑍 ∙ 𝑢𝑐(𝑍) =
𝜕𝑣𝑆𝑜𝑆

𝜕𝑍
|

(13.601°C,38.7,500m,35°)
∙ 𝑢𝑐(𝑍)

= [0.0156  + 0.0000143𝑆 + 1073𝑡2 + 5.1 × 10−7𝑍 − 2.19 × 10−11𝑍2 − 2.85 × 10−12𝑡𝑍2

+ 0.0000012(−45 + 𝜙)](13.6,38.7,500,35) ∙ 2m = 0.01644
m s−1

m
∙ 2m 

The uncertainty of the latitude is neglected here. Moreover, the authors of (2) state an upper uncertainty limit 

of ±0.2 m s-1 of the simplified equation which has to be considered in terms of a standard uncertainty of the 

model equation 

𝑢𝑚𝑜𝑑𝑒𝑙 =
0.4m𝑠−1

2√6
 , 

assuming a triangular probability distribution. 

Consequently, the combined standard uncertainty of the speed of sound result is given according to eq. (1) 

𝑢𝑐(𝑣𝑆𝑜𝑆) = √(𝑐𝑡𝑢𝑐(𝑡))2 + (𝑐𝑆𝑢𝑐(𝑆))2 + (𝑐𝑍𝑢𝑐(𝑍))2 + 𝑢𝑚𝑜𝑑𝑒𝑙
2 = 0.090 
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Table 1. Specification List of the SBE 39 Thermometer (https://www.seabird.com). 

 Temperature (°C) Strain-Gauge Pressure (optional) 

Measurement 

Range 

 

-5 to +45 
0 to full scale range: 20 / 100 / 350 

/ 600 / 1000 / 2000 / 3500 / 7000 m 

Pressure expressed in meters of deployment 

depth capability. 

Initial Accuracy ± 0.002 (-5 to 35 °C) 

± 0.01 (35 to 45 °C) 
± 0.1% of full scale range 

Typical Stability 0.0002/month 0.05% of full scale range/year 

Resolution 0.0001 0.002% of full scale range 

Sensor 

Calibration 
-1 to +32 

Ambient pressure to full scale 

range in 5 steps 

Memory 64 Mbyte non-volatile FLASH memory 

Data Storage Per sample: temperature 3 bytes, time 4 bytes, pressure 

(optional) 5 bytes. 

Recorded Parameters Memory Space (total samples) 

T and time 9,500,000 

T, P, and time 5,500,000 

Real-Time Clock 32,768 Hz TCXO accurate to ±1 minute/year 

Internal Battery 

Pack 

7.2 V, 5.2 Amp-hour pack consisting of 4 AA Saft LS 14500 AA lithium 

cells (3.6 V and 2.6 Amp-hours each) (see Shipping Precautions in 

Section 1: Introduction) 

Sampling Speed User-programmable 0.5-sec to 6-hour intervals 

Power Consumption Sample acquisition (per sample): 

T only (2.5 mA, 280 msec): 0.00070 A-sec T and P (3 

mA, 280 msec): 0.00084 A-sec 

Real-time data transmission: 6 mA. 

Transmission time varies, depending on output format and baud (shown at 

9600 baud; for other bauds, multiply by 9600/baud): 
T and Time: Raw – 62 msec, 

Converted decimal – 40 msec, XML – 250 msec T, P, and Time: 

Raw – 96 msec, 

Converted decimal – 50 msec, XML – 280 msec 

Quiescent: 25 µA 

Battery Pack 

Endurance 

(for 39plus with 

pressure sensor) 

>12 million samples at 0.5-second sampling rate; 

> 11 million samples at 5-second sampling rate 
Notes: 

1. This endurance is achieved if 39plus is deployed in recommended 

orientation: thermistor end down or horizontal (see Deployment 

Orientation in Section 2: Description of SBE 39plus). 
2. Deployment length may be limited by memory (see Data Storage 

specification).  39plus continues  sampling  and  transmitting real-time 
data after memory is full  and does not overw rite data in memory. 

Optional 

External Power 

(with external 

connector) 

 

9-30 VDC 

Housing, Depth 

Rating 

PET plastic, 600 meters (1960 feet) 

Titanium, 10,500 meters (34,400 feet) 

Weight 

(without external 

connector, clamp, or 

fairing/net fender) 

Plastic housing with embedded thermistor: 

In water:  0.25 kg (0.6 lb) In air: 0.6 kg (1.2 lb) 

Titanium housing with thermistor in sheath: 

In water:  0.7 kg (1.6 lb) In air: 1.2 kg (2.6 lb) 
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3 Quantifying Uncertainty Contributions 

3.1 Standard Uncertainties of Common Probability Distributions 

In many cases little information is available on the true probability distribution of a measurement quantity, and 

it is impractical, if not impossible, to perform a sufficiently large number of measurements in order to 

determine the probability distribution and to estimate the standard uncertainty on solid statistical grounds. 

Nevertheless, reasonable assumptions most often can be made on the probability distribution to assign 

approximate standard uncertainties to measurement results. 

a) Assuming normal distribution for Type A uncertainties 

The standard uncertainty of the best estimate x of a measurement quantity is given by the standard 

deviation of the mean of several quantity values xi, measured under the same conditions (repeatability 

conditions) 

𝑢(𝑥) =
𝑎

√𝑁
√

1

𝑁−1
∑ (𝑥𝑖 − 𝑥)2𝑁

𝑖=1     (A1) 

x is calculated as the arithmetic mean of the results xi. 

a is a factor that depends on the number N of measurements and is given in Table 2. Basically, a small 

number of measurements provides a worse estimate of the true spread of the results than a large 

number which is considered by a. 

Table 2. Examples of the relationship between the 

number of measurements N and the factor a. 

Number 

Measurement (N) 

Factor  

(a) 

2 1.84 

3 1.32 

4 1.15 

5 1.11 

6 1.08 

8 1.06 

10 1.03 

20 1.02 

∞ 1 

 

b) Assuming normal distribution for Type B uncertainties 

If the uncertainty value u(x) originates from an external source, e.g. instrument documentation, 

calibration certificate or literature, and a level of confidence is stated, the stated uncertainty value has to 

be divided by the corresponding coverage factor as given in Table 3 to get the standard uncertainty, 

even if it has not been explicitly mentioned that the given uncertainty is based on a normal distribution. 
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Table 3. Commonly used values of the level of 

confidence and the corresponding coverage factor. 

Level of Confidence Coverage Factor k 

68% 1 

95.45% 2 

99% 2.576 

 

c) Rectangular probability distribution 

If no information on the probability distribution is available at all, but upper and lower limits a+ and a- 

can be assumed for the uncertainty range, it is reasonable to assume a constant probability distribution 

within these limits. The standard uncertainty is then given by 

𝑢(𝑥) =
𝑎+−𝑎−

2√3
  (A2) 

Note that the equation should also be applied, if a+ and a- are not symmetrically arranged around x. 

The limited resolution of digital displays is a common example of a rectangular distribution. 

d) Trapezoidal probability distribution 

Step function discontinuities in a probability distribution like in c) are often unphysical. In many cases, 

it is more realistic to expect that values near the bounds are less likely than those near the midpoint. It 

is then reasonable to replace the symmetric rectangular distribution with a symmetric trapezoidal 

distribution having equal sloping sides, with a base of width a+ - a−, and a top of width (a+ - a−), 

where 0 <  < 1. The standard uncertainty is then given by 

𝑢(𝑥) =
√1+𝛽2(𝑎+−𝑎−)

2√6
 (A3) 

If no further information is given it is reasonable to assume a triangular probability distribution (=0) 

with 

𝑢(𝑥) =
𝑎+−𝑎−

2√6
  (A4) 

It is not always easy to identify the correct probability function based on the available information, and 

sometimes the choice must be arbitrary to some extent. However, even if the eventually chosen distribution 

does not reflect the true probability distribution, the resulting uncertainty of the uncertainty is usually 

acceptable, and it is preferable to omitting relevant contributions at all. 

3.2 How to Consider Correlations 

Uncertainties might be significantly under- or overestimated if correlations are not considered. Not all 

uncertainty components of two correlated quantities x1 and x2 are affected by correlations. If, for instance, two 

measurement instruments are calibrated with the same standard, the uncertainty of the standard used for 

calibration will affect the measurement error of both instruments likewise. Consequently, the uncertainty 

components due to calibration are correlated, while repeatability components might not be correlated if the 

devices are eventually used in different environments. The following rather formal steps can be applied to 

account for such correlations: 
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 Identify significant uncertainty contributions to the output quantity y as described above. Assign formal 

input variable names xj_vvv for each uncertainty contribution assumed to be significant for an input quantity 

xj, e.g. xj_repeat for repeatability of the measurement of xj, xj_ls for long term stability of the sensor used to 

measure xj, etc. This must be conducted for each input quantity xj. 

 Assign quantity values to each formal input variable. Note that usually there is a formal input variable 

assigned to the value indicated by the instrument, named xj_ind for instance. Another input variable xj_me is 

assigned to the measurement error, which is usually indicated in the calibration certificate. The quantity 

values of all other formal input variables are usually set to zero, unless they correspond to quantifiable 

deviations from the indicated value that could be compensated. 

 Assign the corresponding standard uncertainty u(xj_vvv) to each formal input quantity value xj_vvv. Note that 

in this way each formal input quantity value has only a single uncertainty contribution assigned which is 

the reason for splitting each input quantity xj into several formal input quantities. 

 Identify all pairs (xm_vvv1;xn_vvv2) of formal input quantities that are correlated and assign a correlation 

coefficient r(xm_vvv1;xn_vvv2), with -1 ≤ r ≤ 1. The correlation coefficients of all other pairs are set to zero. 

The most common rules to assign correlation coefficients are summarized below. 

 Express each xj formally as sum of the corresponding formal input variables xj_vvv and insert the 

expressions in y = f (x1, x2, ...) = f (x1_ind + x1_me + x1_repeat + …, x2_ind + x2_me + …, …). Hence, f is now a 

function of all formal input variables xj_vvv (also see section 1.1, item 7 for the meaning of f ). If y is 

determined by just one input quantity x, it is simply given by y = xind + xme + xrepeat + … . 

 Calculate the combined standard uncertainty of y according to: 

𝑢𝑐
2(𝑦) = ∑ (

𝜕𝑓

𝜕𝑥𝑗_𝑣𝑣𝑣
𝑢(𝑥𝑗_𝑣𝑣𝑣))

2

+𝑀
𝑗_𝑣𝑣𝑣=1

2 ∑   ∑ 𝑟(𝑥𝑚_𝑣𝑣𝑣1; 𝑥𝑛_𝑣𝑣𝑣2)
𝜕𝑓

𝜕𝑥𝑚_𝑣𝑣𝑣1
𝑢(𝑥𝑚_𝑣𝑣𝑣1)

𝜕𝑓

𝜕𝑥𝑛_𝑣𝑣𝑣2
𝑢(𝑥𝑛_𝑣𝑣𝑣2)𝑀

𝑛𝑣𝑣𝑣2=𝑚_𝑣𝑣𝑣1+1
𝑀−1
𝑚_𝑣𝑣𝑣1=1  (A5) 

with M expressing the total number of formal variables xj_vvv. Note that usually just a small subset of all 

potential formal input quantities is really correlated, so that the expression is less extensive as it seems. 

Express the combined uncertainty of the quantity value y in terms of a coverage factor k: Uc (y) = k uc(y). 

From a practical point of view, it is often very difficult to estimate correlation coefficients of any two input 

quantity values v1 and v2 in order to account for correlations. However, some basic rules can be applied. Note 

that v1 and v2 are representative variable names for xm_vvv1 and xn_vvv2 chosen here for formal simplicity 

a) v1 and v2 can be considered uncorrelated, i.e. r(v1;v2) = 0, if 

• measured in independent experiments, i.e. at different times, with different instruments, by 

different operators, etc. 

• one of them is a constant 

• information on potential correlation is insufficient 

b) Statistical evaluation 

If K values of two different input quantities are measured at quasi the same time, e.g. temperature and 

conductivity, the resulting pairs (v1i;v2i) can be used to calculate the correlation coefficient r(v1;v2) 

𝑟(𝑣1; 𝑣2) =
∑ (𝑣1𝑖−𝑣1)(𝑣2𝑖−𝑣2)𝐾

𝑖

√∑ (𝑣1𝑖−𝑣1)2 ∑ (𝑣2𝑖−𝑣2)2𝐾
𝑖

𝐾
𝑖

   (A6) 
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with v1 and v2 being the arithmetic means of the individually measured values v1i and v2i, respectively. 

c) Analytical correlation through a joint third quantity 

In practice, input quantities are often correlated because the same physical measurement standard, 

measuring instrument, reference date, or the same measurement method is used in the estimation of 

their values. If v1 and v2 can be expressed in terms of a joint quantity q such that v1=g(q) and v2=h(q) 

the correlation coefficient is given by 

𝑟(𝑣1; 𝑣2) =
𝜕𝑔

𝜕𝑞

𝜕ℎ

𝜕𝑞

𝑢(𝑞)2

𝑢(𝑣1)𝑢(𝑣2)
  A7) 

d) Same measurement conditions 

If v1 and v2 are of the same kind of quantity, of compatible magnitude, measured using the same 

instruments and within a time period in which the equipment is reasonably stable it can be assumed 

that r(v1;v2)=1. This is especially applicable in differential measurements for instance. 

3.3 Example of Temperature Measurement 

The uncertainty contributions (mentioned in the example of a temperature measurement in section 2) are 

discussed here in more detail. Furthermore, the formalism of variable splitting to consider correlations 

adequately is implemented in the example. It must be emphasized that, apart from sensor specification data, 

the numbers given here are not the result of an actual measurement but have been arbitrarily chosen just for 

the purpose of demonstrating uncertainty calculation. 

3.3.1 Indicated value 

Sensor specification states 0.0001 °C resolution. To account for the limited resolution a standard uncertainty 

of  

𝑢(𝑡𝑖𝑛𝑑) =
0.0001 

2√3
K = 0.029 mK  

is assigned to the temperature value tind indicated by the instrument. The term “indicated” refers to the 

temperature value provided by the instrument, no matter how it is actually provided (display, printed, 

automatically saved in an internal memory or in a data base, etc.). 

Assumed probability distribution: rectangular, since the true value must be somewhere within the resolution 

range. 

Note: If fluctuation of the reading is significantly larger than the uncertainty due to limited resolution, tind 

should be calculated from the mean of several readings, however, u(tind) can be set to zero. The fluctuation will 

be considered in the stability or repeatability contribution (see below). In turn, repeatability and instability 

need not to be considered if they are smaller than the resolution. 

3.3.2 Measurement error estimated by calibration 

It is assumed that a calibration has been performed at atmospheric pressure prior to its usage. The calibration 

certificate states a value of tactual = (15.0024 +/- 0.00056) °C, measured with the SBE 39, and a reference value 

of tref = (14.9970 ± 0.0062) °C, measured with a temperature measurement standard. The uncertainties are 

stated as expanded (k=2) uncertainties. 
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Assumed probability distribution: normal, since a k factor that corresponds to a confidence level of about 95% 

is stated. 

The measurement error tme = tactual- - tref the device is +5.4 mK and its (combined) standard uncertainty is 

𝑢(∆𝑡𝑚𝑒) = √(
0.00056 °C

2
)

2

+ (
0.0062 °C

2
)

2

= 3.15 mK 

For simplicity it is assumed that this error applies to the complete temperature range of interest. 

Note that the “Initial Accuracy” statement of the manufacturer is irrelevant for uncertainty calculation, since it 

gives no information about the measurement error of the sensor by the time of its usage—only about the 

general quality of the (new) sensor (compared to a less accurate sensor technique for instance).  

3.3.3 Stability 

Stability must be calculated from the standard deviation of several readings without changing the measurement 

conditions. It is an estimate for the stability of the instrument and the environmental conditions during the 

measurement. Here, it assumed that the standard deviation of 10 measurements is 0.3 mK. The measurement 

error tstab due to stability must be (formally) set to zero, since the actual measurement error introduced by 

instability at the time of measurement cannot be quantified. Instead, a standard uncertainty of  

𝑢(∆𝑡𝑠𝑡𝑎𝑏) =
0.3∙ 1.06 mK 

√10
𝑚 = 0.1 mK  

is assigned to tstab. 

Assumed probability distribution: normal, corresponding factor is 
1.06

√10
. 

Note that u(tstab) can be set to zero, if it is either smaller than the resolution of the device or significantly 

smaller than measurement repeatability. If repeatability is worse than the spread of the indicated results there 

are other effects that determine the repeatability of the measured quantity than just instability of the 

measurement device and the environment during the measurement, e.g. uncertainties due to preparation steps 

before a measurement. If a drift is observed during repeated readings, it should be considered like the long-

term stability contribution described in section 3.3.4 

3.3.4 Long-term sensor stability 

Sensor specification states 0.2 mK/month. No information is given if the sensor signal increases or decreases. 

Consequently, the actual uncertainty range must be assumed ±0.2 mK/month, resulting in an uncertainty range 

of 0.4 mK. The measurement error tlong_stab due to long-term stability must be (formally)3 set to zero, since the 

actual measurement error by the time of measurement cannot be quantified. Instead, a standard uncertainty of  

𝑢(∆𝑡𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏) =
2∙0.2 mK 

2√6
𝑚 = 0.49 mK  

 

3 The procedure to assign formal input variables to the various uncertainty contributions is described in more detail with respect to 

correlations in section 3.3.9. 
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is assigned to tlong_stab to account for instability, with m indicating the number of months passed since the 

calibration. Here m is assumed to be 6 months. 

Assumed probability distribution: triangular. Here it supposed that the actual drift is more likely to be less than 

the value stated by the manufacturer. Therefore, a rectangular distribution is unlikely. 

3.3.5 Self-heating 

Sensor specification: 0.2 mK. The deviation tsh from the true value is (formally) set to zero, because it is not 

known. To account for self-heating a standard uncertainty of  

𝑢(∆𝑡𝑠ℎ) =
0.0002 

2√3
K = 0.058 mK  

is assigned to tsh. 

Assumed probability distribution: rectangular. Actually, self-heating is an asymmetric uncertainty 

contribution, since self-heating will always result in a positive offset from the true value. Nevertheless, 

symmetric distribution can be applied to the uncertainty. 

Note that a triangular uncertainty would be as reasonable. However, pondering on the most adequate 

contributions is often not worth the effort if the uncertainty contribution is rather small. Basically, it is more 

important to make a more or less reasonable estimate in order to assess its effect compared to the 

contributions. 

3.3.6 Sensor installation 

Experience has shown that the installation of the sensor into the platform affects the heat exchange between 

the temperature sensor and the surrounding medium, e.g., flushing of the sensor. However, the sign of the 

deviation cannot be predicted. This results in an estimated uncertainty of ±1 mK. The deviation tinst from the 

true value is (formally) set to zero, because it is not known. Instead, a standard uncertainty of  

𝑢(∆𝑡𝑖𝑛𝑠𝑡) =
2∙1 mK 

2√6
= 0.41 mK  

is assigned to tinst. 

Assumed probability distribution: triangular. Here it supposed that the actual deviation is more likely to be 

centered within the uncertainty range. 

3.3.7 Repeatability of the actual measurement 

Frequent repeatability measurements, i.e., spread of temperature values of several subsequent measurements 

using the same instrument and applying the same measurement procedure under the same conditions, can 

hardly be realized in long-term field measurements. Instead, an independent, representative measurement 

series can be performed once to estimate measurement repeatability. Here, preliminary measurements are 

assumed that have shown a typical standard deviation of 0.1 mK. The deviation trepeat of a measured, single 

value from the true value, i.e., the mean of a hypothetic infinite number of measurements, is (formally) set to 

zero, because it is not known. Instead, a standard uncertainty of  

𝑢(𝛿𝑡𝑟𝑒𝑝𝑒𝑎𝑡) = 0.1 mK  
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is assigned to trepeat. 

Assumed probability distribution: normal. 

Note that repeatability must not be confused with stability. The latter estimates the spread of several 

subsequent readings, while nothing is changed. Repeatability estimates the spread when the whole 

measurement procedure is repeated, including preparation of the measurement setup, water bath preparation, 

etc., but using the same instruments, samples, etc. 

In this example, repeatability is assumed to be significantly larger than the contributions due to instrument 

resolution, but similar to the value estimated for stability. Hence, the stability is the only contribution 

considered in the below calculation of the combined standard uncertainty. 

3.3.8 Reproducibility 

Reproducibility, i.e., the spread of temperature values measured by different people, with different 

(compatible) instruments under essentially the same conditions, is difficult to quantify, since it can be 

estimated only by an interlaboratory comparison that is adequately designed to reflect the actual measurement 

conditions. However, if the calibration laboratory that performs the calibration is part of the international 

accreditation system, it has to participate regularly in comparison measurements. The minimal uncertainty it 

may assign to its calibration results is determined by its performance in such comparisons. The same holds for 

the reference values of certified calibration standards. Hence, the uncertainty of the measurement error 

estimated by such a calibration already includes, at least to some extent, the reproducibility contribution. Since 

certified calibration is assumed here and all other potential uncertainty sources are considered, no further 

reproducibility contribution is included in this calculation. However, in practice, this must be decided on a 

case by case basis. In fact, occasional comparison measurements between oceanographic laboratories and 

measurement facilities could validate if assigned uncertainties are appropriate. 

3.3.9 Combined uncertainty 

The temperature value t calculates from 

 

 𝑡 =  𝑡𝑖𝑛𝑑 − ∆𝑡𝑚𝑒 − ∆𝑡𝑠𝑡𝑎𝑏 − ∆𝑡𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏 − ∆𝑡𝑠ℎ − ∆𝑡𝑖𝑛𝑠𝑡 − Δ𝑡𝑟𝑒𝑝𝑒𝑎𝑡 (A8) 

 

using the numbers given in the example 

 

𝑡 = 15.1427 °C − 0.0054 °C = 15.1373 °C 
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Eq. A8 constitutes the measurement function f for the output quantity t. Since most potential deviations tvvv 4 

are set to zero the final temperature value is only determined by the indicated value tind and the compensation 

for bias tme determined in a calibration. f allows to formally introduce all uncertainty contributions according 

to eq. (A1). Consequently, applying eq. (A1) gives the uncertainty of t. 

 

𝑢(𝑡) =  √𝑢(𝑡𝑖𝑛𝑑)2 + 𝑢(∆𝑡𝑚𝑒)2 + 𝑢(∆𝑡𝑠𝑡𝑎𝑏)2+𝑢(∆𝑡𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏)2 + 𝑢(∆𝑡𝑠ℎ)2 + 𝑢(∆𝑡𝑖𝑛𝑠𝑡)2 + 𝑢(Δ𝑡𝑟𝑒𝑝𝑒𝑎𝑡)2 

 

In this example the uncertainty of t, six months after calibration, is calculated as follows: 

 

𝑢𝑐(𝑡) =  √0 + 3.152 + 0.12 + 0.492 + 0.0582 + 0.412 + 0 mK = 3.22 mK . 

 

and Uc(t) = 6.4 mK. 

3.3.10 Example on how to consider correlations 

The example presented here describes a simple correlation and its effect on uncertainty. The temperature 

difference (t =t2-t1) between two measurements at two different sites using the same instrument is defined as 

the measurand. Both temperature values t1 and t2 are the means of several measurements. They are both split 

into various formal variables as described above, having the same uncertainties as mentioned in the previous 

section. An analysis of the uncertainty contributions identifies the following correlations: 

•  (t1_met2_me), since the same instrument is used. Therefore, r(t1_met2_me)=1. 

• (t1_long_stabt2_long_stab), since the same instruments is used and t1 and t2 are measured within a 

reasonably small period. Therefore, r(t1_long_stabt2_long_stab)=1. 

• It is supposed for this example that a small drift within the instrument occurs after starting a 

measurement. Therefore, the measurement values forming the means t1 and t2 are suspected to be 

correlated. Application of eq. A6 (not shown) is assumed to reveal a correlation coefficient of 

r(t1_stab;t2_stab)=0.8. 

All other formal input quantities are assumed independent. This is not necessarily true. Unfortunately, the 

estimation of adequate correlation coefficients is often too difficult and too elaborate for practical use, if not 

impossible. In this case a more conservative uncertainty estimation could assume a correlation coefficient of 1 

if correlation increases the combined uncertainty of t and, as it is the case here, it could assume a correlation 

coefficient of 0, if correlation decreases the combined uncertainty of t. However, given uncertainty 

contributions are small, it is advisable to assess if further elaborate correlation calculation is worth the effort. 

 

4 Here, the index vvv in tvvv is a placeholder for the indexes of the various t contributions given in eq. A8. 
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The quantity value of the measurand t calculates from 

Δ𝑡 = 𝑡2_𝑖𝑛𝑑 − ∆𝑡2_𝑚𝑒 − ∆𝑡2_𝑠𝑡𝑎𝑏 − ∆𝑡2_𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏 − ∆𝑡2_𝑠ℎ − ∆𝑡2_𝑖𝑛𝑠𝑡 − ∆𝑡2_𝑟𝑒𝑝𝑒𝑎𝑡 

−(𝑡1_𝑖𝑛𝑑 − ∆𝑡1_𝑚𝑒 − ∆𝑡1_𝑠𝑡𝑎𝑏 − ∆𝑡1_𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏 − ∆𝑡1_𝑠ℎ − ∆𝑡1_𝑖𝑛𝑠𝑡 − ∆𝑡1_𝑟𝑒𝑝𝑒𝑎𝑡) 

Based on the given numbers this expression reduces to 

Δ𝑡 = 𝑡2_𝑖𝑛𝑑 − 𝑡1_𝑖𝑛𝑑 , 

since the values of t1_me and t2_me cancel and all other contributions are zero. 

Applying equation A5 the uncertainty of t gives 

𝑢(Δ𝑡)2 = 2[𝑢(𝑡𝑖𝑛𝑑)2 + 𝑢(∆𝑡𝑚𝑒)2 + 𝑢(∆𝑡𝑠𝑡𝑎𝑏)2 + 𝑢(∆𝑡𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏)2 + 𝑢(∆𝑡𝑠ℎ)2 + 𝑢(∆𝑡𝑖𝑛𝑠𝑡)2 + 𝑢(∆𝑡𝑟𝑒𝑝𝑒𝑎𝑡)2]

− 2 [𝑟(∆𝑡1_𝑚𝑒; ∆𝑡2_𝑚𝑒)𝑢(∆𝑡𝑚𝑒)2 + 𝑟(∆𝑡1_𝑠𝑡𝑎𝑏; ∆𝑡2_𝑠𝑡𝑎𝑏)𝑢(∆𝑡𝑠𝑡𝑎𝑏)2

+ 𝑟(∆𝑡1_𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏; ∆𝑡2_𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏)𝑢(∆𝑡𝑙𝑜𝑛𝑔_𝑠𝑡𝑎𝑏)
2

] 

 

𝑢(Δ𝑡) = √2 ∙ 3.222  − 2[1 ∙ 3.152 + 0.8 ∙ 0.12 + 1 ∙ 0.492] = 0.60 mK 

Obviously, the uncertainty of the difference is much smaller compared to an individual t value, since the main 

uncertainty contribution, i.e., the uncertainty of the measurement error, cancels. A similar effect can be shown 

for ratios of two quantity values of similar size, which is the main reason for the definition of Practical Salinity 

in terms of a conductivity ratio. 
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